INTRODUCTION
The method of parabolic equation (PE) is the best currently available approach for predicting the low-frequency sound propagation in a horizontally inhomogeneous ocean. Originally, the major shortcomings of the PE technique were believed to be the angular limitations and the neglect of the backscattered field. Later models [1] [2] [3] improved the wide-angle capability, while the backscattering was shown negligible for most low-frequency problems 4, 5 .
The prediction errors due to lack of energy conservation in the one-way approximations were not realized until 6, 7 . Typical PE models describe, sometimes implicitly, a range-dependent environment as a series of range-independent segments. The sound energy is not conserved between the segments if the model assumes the continuity of the acoustic pressure p or density-reduced pressure 2 / 1 p across the vertical interfaces. The introduced error is related neither to the wide-angle limitations nor to the neglect of the backscattered field.
To improve the energy conservation the single-scatter approximation was applied 7 to correct the description of modal interactions at the stairs of the staircase representation of the bottom. A two-way PE 8 was considered that has two boundary conditions at the vertical interfaces. That model improves the energy conservation and partially accounts for the backscattering. The most common approach 9 is to solve the PE for the impedance-reduced pressure
The exponential propagator uses large steps in range to compensate for the high cost of each step. Hence, the solution is available at a relatively sparse set of ranges. Applications may need better resolution in range. The earlier solution of this problem 14 is inefficient. A lowcost technique is developed that combines large range steps with dense sampling of the field.
THE EXPONENTIAL PROPAGATOR FOR THE ENERGY-FLUX PE
Most of the PEs are derived from the one-way Helmholtz equation by Tappert 15 
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The equation uses a 2D Cartesian system of coordinates x (range) and z (depth 
Here is the medium density and 1 c k is the local wavenumber. Equation (2.1) is exact only in range-independent media. A more accurate one-way wave equation by Godin 10 is
In a general range-dependent medium, (2.3) includes horizontal derivatives of the medium parameters and essentially differ from (2.1). In layered media the two equations coincide.
The method of 13 first solves (2.1) analytically in the operator form
Then the exact exponential propagator operator Ŝ is approximated by a rational function of X . The solution (2.4) is correct in layered media, e.g. over one range step. Moreover, it is exact for an arbitrary large step. The rational approximation imposes some limitations on the maximal step; however, large steps of order 10 and more wavelengths are possible.
In 13 the operator Ŝ was substituted with a sum Padé approximation. Then operator-splitting technique was applied for independent calculations of each of the sum terms. The approach was called the split-step Padé method to emphasize the use of operator splitting. However, (2.4) can be solved by different numerical techniques or the operator splitting can be applied to other PEs. We will call the methods using the operator Ŝ as the solutions with the exponential propagator as opposed to the Crank-Nicolson propagator of 9, 11 . U :
(2.5)
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This transformation is chosen based on the analysis of energy conservation 11 . Assume that the medium is layered over the range step. Then the exact solution of (2.5) is
The product Padé approximation of the exponential propagator yields
A recursive solution of (2.7) is
, is the energy flux on the l -th sub-step of the n -th complete step of the PE,
. As in 13 , the implicit finite-difference (IFD) scheme (2.6-2.8) allows large x and fast advance of the solution. Eq. (2.6) is solved by introducing
In terms of . Thus, on the discrete level the exponential propagator scheme (2.5-2.10) and the Crank-Nicolson scheme of 11 are identical. All the results of 11 are immediately applicable to the solution of (2.10):
The quantities l n, represent the partial acoustic pressures at the corresponding sub-steps of the IFD scheme,
The discrete boundary conditions are written in terms of the partial pressures and are given by (3.10-3.12 of 11 ),
The solution is strictly reciprocal (but see below), and
The solution is energy conserving in the sense that the discrete energy cannot grow with range, the evanescent modes and the continuous spectrum attenuate in the IFD solution, while the propagating modes experience negligible additional attenuation.
CALCULATION OF SOUND PRESSURE IN THE EXPONENTIAL SCHEME
In the OWWE model, the acoustic pressure is a by-product of energy flux computations. For the Crank-Nicolson propagator, the method for pressure calculation follows from the analysis of the acoustic reciprocity of the IFD scheme 11 . The technique is inherently related to the discrete self-starter that initializes the PE solution. The self-starter and the algorithm for computing the sound pressure should be re-examined for the exponential propagator.
The one-way wave equation (2.5) in a 2D medium with a source term is
The sound source is a 2D point source, which corresponds to a linear source in 3D. Padé approximations of the propagator and source term operators convert this equation into the partial equations (4.4 of 11 ) that coincide with (2.10) in a motionless medium without sources. The partial pressures in the presence of the source(s) are given by (3.3 of 11 )
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The (yet unknown) Padé coefficients l appear from the approximation of the source operator. In terms of 
3)
The discrete self-starter is given by the source terms in the right hand side of (3.3). For the exponential propagator, we look for the self-starter in the same form except for different l .
The discrete pressure envelope after the PE step is a linear combination of partial pressures According to (2.7), the middle part of (3.6) approximates the amplitude and phase gain 1 exp 0 N x k i m during the propagation. The front and the end multipliers describe the source and the receiver operators, respectively.
To approximate the analytic result (3.5) at the range x N x ) 1 ( , the coefficients l , l in the discrete solution (3.6) should be selected so that The approximation errors should be minimal for propagating modes with m y close to zero. The conditions (3.7) and (3.8) follow from the analysis of the discrete solution on the first and the last (before the receiver) steps of the IFD scheme. Any medium can be assumed layered over these range steps. Therefore, the coefficients obtained from (3.7) and (3.8) are applicable in a general range-dependent problem.
The reciprocity of the Crank-Nicolson scheme was proved in 11 by analytic comparison of the IFD solutions for the direct and reversed problems. The former describes sound propagation from a point source located at the range index 0 n and depth index 0 j j to a receiver at M n and M j j . In the latter the source is placed at
and the receiver at 0 , 0 j . For the point sources of volume velocity, the reciprocal value in the exact two-way problem is the acoustic pressure 12 . The discrete pressure was defined in 11 as the reciprocal value in the discrete solution. The mirror symmetry of the reversed problem requires that the propagator coefficients l l w w , be used in the opposite order as compared to the direct problem. Following the derivation of (20 of 11 ), one can show that the discrete pressure (3.4) is exactly reciprocal if
In other words, the coefficients of the source / receiver operator in the reversed problem equal those of the receiver / source operator in the direct problem taken in the reversed order
COMBINING LARGE RANGE STEPS WITH DENSE RANGE SAMPLING
The exponential propagator uses large range steps to improve the numerical efficiency. However, the user may need the predicted field with a good resolution in range. The common approach is to solve the PE with small range steps thus sacrificing the efficiency. To resolve this contradiction a complicated split-step Padé scheme was proposed in 14 . The scheme uses less CPU time than propagation with a step of the minimal sampling size, but more time than calculation of the field at one large step. The method inherently suits for parallel computations but it may require about 50 processors that is hardly practical for 2D CW computations.
The coefficients l of the receiver operator in (3. 
NUMERICAL EXAMPLES
Numerical simulations with OWWE and RAM show that their results are often remarkably close. However, RAM uses the boundary condition of the continuity of the impedancereduced pressure that provides only approximate conservation of energy. This subtle difference may considerably affect the solution.
In the following example, the sound propagates in an up-slope environment with a strong contrast of density and a moderate contrast of sound speed at the water-bottom interface. The sound speed is 1500 m/s in the water and 1550 m/s in the bottom. The bottom density is 2.1 g/cm 3 and the bottom attenuation is 0.1 dB per wavelength. A 250-Hz sound source is located at 30-m depth. The bottom depth linearly varies from 500 m at the source location to 50 m 20 km away. The reference solution for this problem is generated using COUPLE 17 .
The small contrast of the sound speed results in a low number of propagating normal modes. The large density contrast and moderate attenuation yield a strong continuous spectrum that in the discrete representation is equivalent to multiple virtual modes; 150 modes are used in the converged COUPLE solution. The PE codes use 25 x m, 5 . 0 z m, and an eighth-order Padé approximation of the exponential propagator taken from the RAM model. The artificial lower boundary is placed at 2500 m to eliminate all the spurious reflections.
The predicted transmission losses are shown in Fig. 1 . OWWE and COUPLE agree closely, while the RAM results have an error over 10 dB. The PE models agree well for the layered and down-slope waveguides with the same parameters. The difference occurs for the up-slope problem and increases with the increase of the bottom slope and the density contrast.
The RAM results for the 10-m step agree with the reference solution. Both PE models use the same Padé approximation of order 8 L ; its accuracy is likely excessive for the considered narrow-angle problem with the bottom inclination of 1.3º. The approximations of the vertical operator and boundary conditions in OWWE do not have a higher asymptotic accuracy as compared to RAM. Nevertheless, the range step required for convergence is 10 m for RAM and 100 m for OWWE (Fig. 2) , i.e., OWWE produces the accurate solution at least 10 times faster. We attribute the difference to the approximate energy conservation correction. The height of the stairs in the staircase approximation of the bottom must be small for this correction to be valid that limits the possible range step. For the considered problem, this restriction proves much more severe than those imposed by the accuracy of the Padé approximation and by the range-dependence of the medium. The plot computed at 100-m intervals (markers) is too sparse and does not reproduce the complicated interference pattern of the field. In this example, the dense sampling increases the computation time of the model by less than 6%.
DISCUSSION
The presented IFD solution of the one-way wave equation (2.3) is up to two orders of magnitude faster then the earlier Crank-Nicolson scheme 11 . Nevertheless, the model preserves all the benefits of the energy-flux PE such as the exact reciprocity of the discrete solution, the energy conservation, and accurate description of the modal coupling. The model precision in range-dependent media is superior to other PEs because it inherently includes the complete energy conservation correction 10, 18 instead of its leading-order approximations 9, 13 . The accuracy improvements are significant for range-dependent propagation problems involving large variations of density. In some cases, the improved accuracy dramatically accelerates calculations. The technique of Section 4 combines the exponential propagator with dense sampling of the output field within each (large) range step. High resolution in range is achieved with minimal extra CPU load.
The model reciprocity is important for studying the acoustical effects of oceanic flows and for the acoustic tomography of currents 19, 20 . The exact reciprocity also guarantees exact timereversal properties of the model; time-reversal techniques are actively used for many applications 21 . Accurate conservation of energy is essential for high-fidelity predictions of sound propagation in shallow water. OWWE accuracy is comparable to the benchmark twoway couple mode models whereas its efficiency is comparable to the fastest IFD PE models.
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